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Problem statement

We have

1 A probability space (Ω,F ,P),
2 A random variable X : Ω → Rd.

Properties:

1 Mean:

µ = E[X ] =
∑
ω∈Ω

P(ω)X (ω) ∈ Rd.

2 Covariance matrix:

Σ =

 Var[X1] Cov[X1,X2] · · · Cov[X1,Xd ]
Cov[X1,X2] Var[X2] · · · Cov[X2,Xd ]

...
...

. . .
...

Cov[X1,Xd ] Cov[X2,Xd ] · · · Var[Xd ]



Multivariate mean estimation:

1 Goal: Approximate µ ∈ Rd .

2 Assumption:

Tr[Σ] =
d∑

j=1

Var[Xj ] < ∞.

Applications:

1 Physics/chemistry simulations

2 Computer graphics

3 Finance

4 Shadow tomography

Y. Hamoudi (Simons Institute) Q.A. for Multivariate Mean Estimation June 20th, 2022 2 / 8



Access models

We have

1 A probability space (Ω,F ,P),
2 A random variable X : Ω → Rd.

We want to approximate µ.

Classical access model:

1 Obtain outcome ω ∼ P.
2 Function ω 7→ X (ω).

Quantum access model:

1 Distribution oracle:

|0⟩ 7→
∑
ω∈Ω

√
P(ω) |ω⟩.

2 Random variable oracle:

|ω⟩ |0⟩ 7→ |ω⟩ |X (ω)⟩.

Think of

|X (ω)⟩ = |X (ω)1⟩ ⊗ |X (ω)2⟩ ⊗ · · · ⊗ |X (ω)d⟩

Calls to these routines are samples.
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Results

Goal: Construct estimator µ̃, using n samples, s.t.

P [∥µ− µ̃∥2 ≤ ε(n)] ≥ 2

3
.

ε(n) Remarks

C
la
ss
ic
al
ly d = 1 Θ

(√
Var[X ]

n

)
Monte Carlo sampling

d ≥ 1 Θ

(√
Tr[Σ]
n

)
Monte Carlo sampling

Q
u
an
tu
m
ly d = 1 Θ̃

(√
Var[X ]

n

)
KnownVar[X ] [Hei02;Mon15;HM19]

UnknownVar[X ] [Ham21]

d ≥ 1 Θ̃


√

d Tr[Σ]

n , if n ≥ d√
Tr[Σ]
n , if n < d

 Our work

µ
µ̃

ε(n)

n

ε(n)

1 d

Classically

∼
√

Tr[Σ]/n

Quantumly

∼
√

d Tr[Σ]/n

No quantum
speed-up

Quantum
speed-up

Crucial observation: quantum speed-up only when n ≥ d .
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Quantum algorithm outline

Goal: Estimate µ = E[X ] ∈ Rd .

1 Get a crude estimate: µ s.t.

∥µ− µ∥2 ≤
√
Tr[Σ],

using O(1) samples.

2 Get an idea of the spread:
Estimate quantiles aℓ s.t.

P [∥X − µ∥2 ≥ aℓ] ≈ 1
2ℓ
,

for ℓ ∈ {1, . . . , 2 log(n)}.
3 Estimate truncated mean on every ring:

E[X ] ≈
∑k

ℓ=1 E[X · 1X∈Rℓ
].

µ
µ

a1

a2
ak

1/2

3/4

1− 1/n2

· · ·

· · ·

··
·

···

···

···

···

· · ·

R1 R2
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Quantile estimation

We let Y = ∥X − µ∥2. Want to find aℓ s.t. P[Y ≥ aℓ] ≈ 1
2ℓ

1. Õ(1) samples from Y ↪→ Let a1 be the median
P[Y ≥ a1] ≈ 1

2

...
...

...
...

ℓ.
Õ(1) samples from Y |Y ≥ aℓ−1 ↪→ Let aℓ be the median

Requires Õ(
√
2ℓ−1) samples from Y P[Y ≥ aℓ] ≈ 1

2ℓ

by amplitude amplification
...

...
...

...

2 log(n).
Õ(1) samples from Y |Y ≥ a2 log(n) ↪→ Let a2 log(n) be the median

Requires Õ(n) samples from Y by a.a. P[Y ≥ a2 log(n)] ≈ 1
n2

0

Y

Y |Y ≥ a1

a1

Y |Y ≥ a2

a2

Y |Y ≥ a3

· · ·a3

Y
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Mean estimation on the rings

We consider X (ℓ) = X · 1X∈Rℓ
− µ.

Goal: Estimate E[X (ℓ)].

1 Amplitude amplification on the ring:
Requires Õ(

√
2ℓ) samples.

2 Phase encoding techniques [GSLW18]:

|u⟩ 7→ e i2
ℓ·uTE[X (ℓ)] |u⟩

Requires Õ(1) calls to 1 .

3 Bernstein-Vazirani over the reals [GAW18]:∥∥µ̃(ℓ) − E[X (ℓ)]
∥∥
∞ = Õ

(
aℓ/(n

√
2ℓ)

)
.

= Õ(
√
Tr[Σ]/n).

Requires Õ(n/
√
2ℓ) calls to 2 .

4 Conversion to ℓ2-norm (Hölder’s inequality):∥∥µ̃(ℓ) − E[X (ℓ)]
∥∥
2
= Õ(

√
d Tr[Σ]/n).

µ

aℓ−1

aℓ

Rℓ

µ

X (ℓ)(ω) ∈ Rd

P[X ∈ Rℓ] ≈ 1
2ℓ

For most u:
|uTX (ℓ)(ω)| ≤ 1
(Naively: ≤

√
d)

∼ 1
aℓ

∼ 1
aℓ

Rd ∋ u

f (u) = uTE[X (ℓ)]

⇒ ∇f = E[X (ℓ)]
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Concluding remarks

Main result:
Optimal estimator µ̃ with n samples, s.t.

P [∥µ− µ̃∥2 ≥ ε(n)] ≤ 1

3
,

has precision

ε(n) = Θ̃


√

d Tr[Σ]

n , if n ≥ d ,√
Tr[Σ]
n , if n < d

.

n

ε(n)

1 d

Classically

∼
√

Tr[Σ]/n

Quantumly

∼
√

d Tr[Σ]/n

No quantum
speed-up

Quantum
speed-up

Open questions:

Dependence on the failure probability δ?

Classically: [LM19;Hop20]

ε(n) = O

(√
Tr[Σ]
n +

√
∥Σ∥ log 1

δ

n

)
Constant prefactors: [LV20;LV22].

Optimality in different norms?

Different access models?
|ω⟩ |0⟩ 7→ |ω⟩ |X (ω)⟩ .
|ω⟩ |j⟩ 7→ e iX (ω)j |ω⟩ |j⟩ .

Can prior knowledge on Σ help?

Thanks for your attention!
hamoudi@berkeley.edu
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