
Proof sketches
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Lemma 1.1. ∥|ψ0
0⃗
⟩ − |ψ0

i⃗
⟩∥ = 0

Proof. |ψ0
0⃗
⟩ = |ψ0

i⃗
⟩ = U0|0, 0⟩

Lemma 1.2. ∥|ψT
0⃗
⟩ − |ψT

i⃗
⟩∥ ≥ 1/3 if the algorithm succeeds wp ≥ 2/3 after T queries

Proof. Success conditions: ∥(Id⊗ |0⟩⟨0|)|ψT
0⃗
⟩∥2 ≥ 2/3 and ∥(Id⊗ |1⟩⟨1|)|ψT

i⃗
⟩∥2 ≥ 2/3

∥|ψT
0⃗
⟩ − |ψT

i⃗
⟩∥2 = 2(1− Re(⟨ψT

0⃗
|ψT

i⃗
⟩))

= 2(1− Re(⟨ψT
0⃗
| (Id⊗ |0⟩⟨0|) |ψT

i⃗
⟩)− Re(⟨ψT

0⃗
| (Id⊗ |1⟩⟨1|) |ψT

i⃗
⟩))

≥ 2(1− ∥(Id⊗ |0⟩⟨0|)ψT
0⃗
∥ · ∥(Id⊗ |0⟩⟨0|)ψT

i⃗
∥ − ∥(Id⊗ |1⟩⟨1|)ψT

0⃗
∥ · ∥(Id⊗ |1⟩⟨1|)ψT

i⃗
∥)

by Cauchy-Schwarz inequality

≥ 2(1− 2
√
2/3) by success conditions

≥ 1/9

Lemma 1.3. ∥|ψt+1

0⃗
⟩ − |ψt+1

i⃗
⟩∥ ≤ ∥|ψt

0⃗
⟩ − |ψt

i⃗
⟩∥+

√
qti

Proof.

∥|ψt+1

0⃗
⟩ − |ψt+1

i⃗
⟩∥ = ∥Ut+1|ψt

0⃗
⟩ − Ut+1O⃗i|ψ

t
i⃗
⟩∥ by definition and O0⃗ = Id

= ∥|ψt
0⃗
⟩ − O⃗i|ψ

t
i⃗
⟩∥ unitary preserves norm

= ∥O⃗i(|ψ
t
0⃗
⟩ − |ψt

i⃗
⟩) + (Id− O⃗i)|ψ

t
0⃗
⟩∥

≤ ∥O⃗i(|ψ
t
0⃗
⟩ − |ψt

i⃗
⟩)∥+ ∥(Id− O⃗i)|ψ

t
0⃗
⟩∥ by triangle inequality

= ∥|ψt
0⃗
⟩ − |ψt

i⃗
⟩∥+ ∥(Id− O⃗i)|ψ

t
0⃗
⟩∥

We have Id − O⃗i = |i⟩⟨i| ⊗ (Id − X) where X = |1⟩⟨0| + |0⟩⟨1|. Hence, ∥(Id − O⃗i)|ψ
t
0⃗
⟩∥ =

∥(|i⟩⟨i|⊗(Id−X))|ψt
0⃗
⟩|∥ ≤ 2∥(|i⟩⟨i|⊗Id)|ψt

0⃗
⟩|∥ =

√
qti , where we used that ∥Id⊗(Id−X)∥ ≤ 2.

Theorem 1.4. Q(OR) ≥
√
n/3

Proof. n/3 ≤
∑n

i=1

∑T
t=0

√
qti ≤

√
nT

∑n
i=1

∑T
t=0 q

t
i =

√
nT ⇒ T ≥

√
n/3.
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2 Lecture 2

Proposition 2.1. Fix a quantum algorithm making T queries. Let p(x) ∈ [0, 1] denote the
probability that it outputs 1 on input x. Then deg(p) ≤ 2T .

Proof. By induction on T : for all 1 ≤ i ≤ n, b ∈ {0, 1}, ⟨i, b|ψT
x ⟩ is a polynomial in x of degree

≤ T .
For T = 0, |ψ0

x⟩ = U0|0, 0⟩. Hence, ⟨i, b|ψ0
x⟩ is independent from x.

For T + 1,

⟨i, b|ψT+1
x ⟩ = ⟨i, b|UT+1Ox |ψT

x ⟩

=
∑
j,c

αj,c⟨j, c|Ox |ψT
x ⟩ where we define

∑
j,c α

†
j,c|j, c⟩ = U †

T+1|i, b⟩ (indep. from x)

=
∑
j,c

αj,c((1− xj)⟨j, c|ψT
x ⟩+ xj⟨j, c⊕ 1|ψT

x ⟩)

since Ox|j, c⟩ = |j, c⊕ xj⟩ = (1− xj)|j, c⟩+ xj |j, c⊕ 1⟩

The proposition follows since p(x) = ∥(Id⊗ |1⟩⟨1|)|ψT
x ⟩∥2 =

∑
1≤i≤n|⟨i, 1|ψT

x ⟩|2.

Theorem 2.2. Q(f) = d̃eg(f)/2

Proof. Suppose a quantum algorithm computes f with probability ≥ 2/3 and makes T queries.
Let p(x) denote the denote the probability that it outputs 1 on input x. Then:

1. deg(p) ≤ 2T by Proposition 2.1

2. p(x) ≥ 2/3 when f(x) = 1 and p(x) ≤ 1/3 when f(x) = 0, by success condition

In particular, |p(x)− f(x)| ≤ 1/3 for all x. Hence, d̃eg(f) ≤ deg(p) ≤ 2T .

Lemma 2.3. Psym is a polynomial in k and deg(Psym) ≤ deg(P ).

Proof. Let S ⊆ {1, . . . , n} and consider the monomial xS =
∏

i∈S xi.

Ex∼Bk
[xS ] =

 0 if k < |S|
(n−|S|
k−|S|)
(nk)

= k(k−1)···(k−|S|+1)
n(n−1)···(n−|S|+1) otherwise

This is a polynomial in k of degree ≤ |S|.

Lemma 2.4. Psym(0) ∈ [0, 1/3] and Psym(k) ∈ [2/3, 1] for k ≥ 1.

Proof. P (x) ∈ [0, 1/3] for all x ∈ B0 hence Psym(0) = Ex∼B0 [P (x)] ∈ [0, 1/3].
Similarly, P (x) ∈ [2/3, 1] for all x ∈ Bk, k ≥ 1.

Lemma 2.5.
∑

x ϕ(x) · P (x) = 0, ∀P,deg(P ) < d ⇔ ϕ has no monomial of degree < d.

Proof. For any two subsets S, T ⊆ {1, . . . , n},
∑

x∈{−1,1}n xSxT =
∑

x∈{−1,1}n x
2
S∩TxT\SxS\T =∑

x∈{−1,1}n xT\SxS\T = 2n · 1S=T .

2



3 Lecture 3

S :


|∅⟩ 7→ 1√

n

∑
0≤y<n|y⟩

1√
n

∑
0≤y<n|y⟩ 7→ |∅⟩

1√
n

∑
0≤y<n ω

by|y⟩ 7→ 1√
n

∑
0≤y<n ω

by|y⟩ if 0 < b < n

One can check that:

1. S−1 = S† (unitary) and S = S† (Hermitian)

2. For all 0 ≤ y < n, S|y⟩ = |y⟩+ 1√
n
|∅⟩ − 1

n

∑
0≤z<n|z⟩

Lemma 3.1. R|. . . , xi = ∅, . . .⟩ ⊗ |i, b⟩ = 1√
n

∑
0≤y<n ω

by|. . . , xi = y, . . .⟩ ⊗ |i, b⟩ when b ̸= 0.

Proof. We focus on the i-th input register since it is the only register that can change upon
applying R.

|xi = ∅⟩ 7→S
1√
n

∑
0≤y<n

|y⟩

7→O
1√
n

∑
0≤y<n

ωby|y⟩

7→S
1√
n

∑
0≤y<n

ωby|y⟩ since b ̸= 0

If b = 0 then R acts as the identity: R|. . . , xi = ∅, . . .⟩⊗ |i, b⟩ = |. . . , xi = ∅, . . .⟩⊗ |i, b⟩.

Lemma 3.2. R|. . . , xi = y, . . .⟩ ⊗ |i, b⟩ = ωby|. . . , xi = y, . . .⟩ ⊗ |i, b⟩+ |errory⟩ when b ̸= 0

Proof.

|xi = y⟩ 7→S |y⟩+ 1√
n
|∅⟩ − 1

n

∑
0≤z<n

|z⟩

7→O ωby|y⟩+ 1√
n
|∅⟩ − 1

n

∑
0≤z<n

ωbz|z⟩

7→S ω
by|y⟩+ ωby

√
n
|∅⟩ − 1

n

∑
0≤z<n

ωby|z⟩+ 1

n

∑
0≤z<n

|z⟩ − 1

n

∑
0≤z<n

ωbz|z⟩

Lemma 3.3. ∆0 = 0.

Proof. |ψ0
rec⟩ = |∅, . . . ,∅⟩ ⊗ |0, 0⟩

3



Lemma 3.4.
√
∆t+1 ≤

√
∆t +

√
10/n.

Proof. √
∆t+1 = ∥ΠUt+1R|ψt

rec⟩∥ by |ψt+1
rec ⟩ = Ut+1R|ψt

rec⟩
= ∥ΠR|ψt

rec⟩∥ since Π and Ut+1 commute

≤ ∥ΠRΠ|ψt
rec⟩∥+ ∥ΠR(Id−Π)|ψt

rec⟩∥ by triangle inequality

≤ ∥Π|ψt
rec⟩∥+ ∥ΠR(Id−Π)|ψt

rec⟩∥ by contraction

=
√
∆t + ∥ΠR(Id−Π)|ψt

rec⟩∥

Lemma 3.5. For any state |ψ⟩ ∈ ker(Π) we have ∥ΠR|ψ⟩∥ ≤
√

10
n ∥|ψ⟩∥

Proof. Let |ψ⟩ =
∑

x,i,b αx,i,b|x⟩ ⊗ |i, b⟩ (by assumption, αx,i,b ̸= 0 ⇒ 1 /∈ x)
We decompose |ψ⟩ into n+ 2 mutually orthogonal states:

• |ψid⟩ =
∑

x,i,b:b=0 αx,i,b|x⟩ ⊗ |i, b⟩

• |ψ∅⟩ =
∑

x,i,b:xi=∅,b ̸=0 αx,i,b|x⟩ ⊗ |i, b⟩

• |ψy⟩ =
∑

x,i,b:xi=y,b̸=0 αx,i,b|x⟩ ⊗ |i, b⟩ for all 0 ≤ y < n

We show that:

• ∥ΠR|ψid⟩∥ = 0 since R|ψid⟩ = |ψid⟩

• ∥ΠR|ψ∅⟩∥ = 1√
n
∥|ψ∅⟩∥

• ∥ΠR|ψ1⟩∥ = 0 since |ψ1⟩ = 0

• ∥ΠR|ψy⟩∥ ≤ 3
n∥|ψy⟩∥ for all y ∈ {0, 2, . . . , n− 1}

It will imply by triangle inequality + Cauchy-Schwarz:

∥ΠR|ψ⟩∥ ≤ ∥ΠR|ψ∅⟩∥+
∑
y

∥ΠR|ψy⟩∥ ≤ 1√
n
∥|ψ∅⟩∥+

3

n

∑
y ̸=1

∥|ψy⟩∥ ≤
√

10

n
∥|ψ⟩∥

Proof that ∥ΠR|ψ∅⟩∥ ≤ 1√
n
∥|ψ∅⟩∥:

By Lemma 3.1, for any basis state |x⟩ ⊗ |i, b⟩ ∈ supp(|ψ∅⟩) with b ̸= 0, we have

ΠR|x1, . . . , xi = ∅, . . . , xn⟩ ⊗ |i, b⟩ = ωb

√
n
|x1, . . . , 1, . . . , xn⟩ ⊗ |i, b⟩

Thus,

ΠR|ψ∅⟩ =
∑

x,i,b:xi=∅,b ̸=0

αx,i,b
ωb

√
n
|x{i}⟩ ⊗ |i, b⟩

where x
{i}
i = 1− xi = 1 and x

{i}
j = xj for j ̸= i.

Finally, ∥ΠR|ψ∅⟩∥2 =
∑

x,i,b:xi=∅,b ̸=0
|αx,i,b|2

n = 1
n∥|ψ∅⟩∥2.

Proof that ∥ΠR|ψy⟩∥ ≤ 3
n∥|ψy⟩∥:

By Lemma 3.2,

ΠR|x1, . . . , xi = y, . . . , xn⟩ ⊗ |i, b⟩ = 1− ωb − ωby

n
|x1, . . . , 1, . . . , xn⟩ ⊗ |i, b⟩

Hence, ∥ΠR|ψy⟩∥2 =
∑

x,i,b:xi=y,b̸=0
|(1−ωb−ωby)αx,i,b|2

n2 ≤ 9
n2 ∥|ψy⟩∥2.
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4 Lecture 4

Lemma 4.1. ∆0 = ∥Γ∥.

Proof. ∆0 = |⟨ψ0|Γ⊗ Id |ψ0⟩| = |⟨a|Γ |a⟩| = ∥Γ∥ since |ψ0⟩ = |a⟩ ⊗ |0, 0⟩ and a is a principal ev
of unit norm.

Lemma 4.2. ∆T < 0.95∥Γ∥ if the algorithm succeeds wp ≥ 2/3 after T queries.

Proof. Define Πsucceed =
∑

x|x⟩⟨x| ⊗ Id⊗ |f(x)⟩⟨f(x)|

∆T = |⟨ψT |Γ⊗ Id |ψT ⟩|
=

∣∣⟨ψT |Πsucceed(Γ⊗ Id)Πsucceed |ψT ⟩+ ⟨ψT | (Id−Πsucceed)(Γ⊗ Id)(Id−Πsucceed) |ψT ⟩
+ ⟨ψT |Πsucceed(Γ⊗ Id)(Id−Πsucceed) |ψT ⟩+ ⟨ψT | (Id−Πsucceed)(Γ⊗ Id)Πsucceed |ψT ⟩

∣∣
= |⟨ψT |Πsucceed(Γ⊗ Id)(Id−Πsucceed) |ψT ⟩+ ⟨ψT | (Id−Πsucceed)(Γ⊗ Id)Πsucceed |ψT ⟩|
≤ 2∥Γ⊗ Id∥ · ∥Πsucceed|ψT ⟩∥ · ∥(Id−Πsucceed)|ψT ⟩∥

≤ 2∥Γ∥ ·
√
∥Πsucceed|ψT ⟩∥2(1− ∥Πsucceed|ψT ⟩∥2)

≤ 2∥Γ∥ ·
√
2/3

where the third equality is because Γxy = 0 when f(x) = f(y).

Lemma 4.3. ∆t+1 ≥ ∆t − 2max1≤i≤n∥Γi∥.

Proof.

∆t −∆t+1 ≤ |⟨ψt|Γ⊗ Id |ψt⟩ − ⟨ψt+1|Γ⊗ Id |ψt+1⟩|
= |⟨ψt|Γ⊗ Id |ψt⟩ − ⟨ψt|O(Γ⊗ Id)O |ψt⟩| since |ψt+1⟩ = (Id⊗ Ut+1)O|ψt⟩

= |
∑
x,y

Γx,yaxa
∗
y⟨ψt

x|(Id−OxOy)|ψt
y⟩|

= |
∑
i

∑
x,y

(Γi)x,yaxa
∗
y⟨ψt

x|(|i⟩⟨i| ⊗ (Id−X))|ψt
y⟩|

by Claim 4.4 and (Γi)x,y = Γx,y · 1xi ̸=yi

= |
∑
i

⟨ψt| (Γi ⊗ |i⟩⟨i| ⊗ (Id−X)) |ψt⟩| by |ψt⟩ =
∑

x ax|x⟩ ⊗ |ψt
x⟩

≤ max
i

∥Γi ⊗ Id⊗ (Id−X)∥ ·
∑
i

∥(Id⊗ |i⟩⟨i| ⊗ Id)|ψt⟩∥2

by Cauchy-Schwarz inequality

= 2max
i

∥Γi∥

Claim 4.4. Id−OxOy =
∑

i:xi ̸=xj
|i⟩⟨i| ⊗ (Id−X)

Proof.

⟨i, b|(Id−OxOy)|j, c⟩ =


0 if i ̸= j or xi = xj
1 if i = j, xi ̸= xj , b = c
−1 if i = j, xi ̸= xj , b ̸= c
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5 Lecture 5

Claim 5.1. ⟨t+y |t−x ⟩ = 1f(x)=f(y)

Proof. ⟨t+y |t−x ⟩ = 1−
∑

i⟨ȳi|xi⟩⟨w(y,i)|w(x,i)⟩ = 1−
∑

i:xi ̸=yi
⟨w(y,i)|w(x,i)⟩ = 1− 1f(x) ̸=f(y).

Corollary 5.2. If f(x) = 0 then ∆|t−x ⟩ = 0 and Πx|t−x ⟩ = |⋆⟩.

Claim 5.3. If f(x) = 1 then Ux|t+x ⟩ = |t+x ⟩ (i.e. P0|t+x ⟩ = |t+x ⟩).

Proof. Ux|t+x ⟩ = (2Πx − Id)(2∆− Id)|t+x ⟩ = (2Πx − Id)|t+x ⟩ = |t+x ⟩

Lemma 5.4. If f(x) = 1 then |⋆⟩ = P0|⋆⟩+ |err1⟩ where ∥|err1⟩∥2 ≤ 1/3.

Proof.

∥|err1⟩∥2 = ∥(Id− P0)|⋆⟩∥2

=
1

3T
∥(Id− P0)

∑
i

|i, xi⟩ ⊗ |w(x,i)⟩∥2

since |⋆⟩ = |t+x ⟩ − 1√
3T

∑
i|i, xi⟩ ⊗ |w(x,i)⟩ and P0|t+x ⟩ = |t+x ⟩

≤ 1

3T
∥
∑
i

|i, xi⟩ ⊗ |w(x,i)⟩∥2

=
1

3T

∑
i

∥w(x,i)∥2

≤ 1/3

Lemma 5.5. If f(x) = 0 then |⋆⟩ = (Id− P1/(2T ))|⋆⟩+ |err0⟩ where ∥|err0⟩∥2 ≤ 1/3.

Claim 5.6 (Effective spectral gap lemma (in 2 dimensions)). ∥Π|t⟩∥ = sin(θ/2)∥|t⟩∥

Proof.

Proof of Lemma 5.5.

∥|err0⟩∥2 = ∥P1/(2T )|⋆⟩∥2

= ∥P1/(2T )Πx|t−x ⟩∥2

≤ sin2(1/(4T ))∥|t−x ⟩∥2

≤ 1

16T 2
(1 + 3T

∑
i

∥w(x,i)∥2)

≤ 1

16T 2
(1 + 3T 2)

≤ 1/3
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