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Number of bits ?

- D,(F) : cost of the most efficient deterministic protocol
- Ryo(F) : cost of the most efficient randomized protocol with error 1/3



Two player simultaneous model

communication complexity: D'Z‘(F) and R‘z‘(F)



Number On the Forehead model

NOF model:

- Player i does not see x;. Communicate by broadcasting
- Communication cost: Dg(F), Rk(F), DL‘(F) and RL‘(F) 3



Applications of Communication Complexity

Circuit complexity [HG91, BT94]

Branching programs [CFL83]
Quasirandom graphs [CT93]
Streaming algorithms [AMS96]

Data structures [MNSW95]



The logn barrier and composed functions
Decision tree complexity and log-rank conjecture

Conclusion
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ACC® and the logn barrier

The logn barrier:

Find a function F such that DL'( F) = w(polylogn) when k = polylogn.

Motivations:
- ACC” = functions computable by polysize constant-depth circuits made
of AND, OR, NOT and MOD,, gates
- NEXP ¢ ACCO [Wil14]
- Conjecture: NP ¢ ACC’

F breaks the logn barrier L F ¢ ACC®



Composed functions

n

Player 1 (x;) X110 | X1 | X1,3 Xin
Player 2 (x,) X1 | X2,2 | X2,3 X2,n

| | | |

| | | | k

| | | |

| | | |

| | | |

| | | |
Player k (xz) X1 | Xk,2 | Xk,3 Xk,n




Composed functions

-—

Player 1 (xq) X1 Xt X1,tn
Player 2 (x,) X2,1 Xt X2,tn
| | |
| | | k
| | |
. ' | I
| | |
| | |
Player k (xz) Xk, ‘ ’ Xp,t Xp,tn
g g — f

Given f: {0,1}"/* = {0,1} and g : {0,1}** — {0,1}:

foa(a, ..., )
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Prior work

Symmetric function = invariant under any permutation of the input

When k = polylogn:

- Dp(SYM o AND4) = O (log2 n) [Gro94]
- D(SYMo Svmy) =0 (l0g3 n) [BGKLO4]
-Dll(SymoANY) =0 (log3 n) [ACFN15]

- Dr(SYM o ANY;) = O (polylogn) for t < loglogn [CS14]

Our result:

- D}(SYM o Sym;) = O (polylogn) for constant t
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Proof sketch

Symmetric fand g with t = 2:
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Symmetric fand g with t = 2:

OO0 1202|3211
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Symmetric fand g with t = 2:

oo 1T(210f|2(|3]|2|1|1
1710131101110} 2]0
o(o0(3(2J0f0|1]2|1|0
ojlof2|1]0f|1]2|1]2]0
3|{ojof3|1]of1|l0]2]0
B T
9 g g —f
Vi, i, = # columns with exactly i; occurrences of 1, i, of 2 and i3 of 3

— Y0,0,0 =1,V1,00 =2



Symmetric fand g with t = 2:

ojof1|2|0]2[3|2]1]n1
1T710(3(1]0|17(1(0}2]0
0O(0(3(2|0]0|1T]2|1|0
oOfof(2(1(0(1]2]1|2|0
3/]0(0(3[1]0]1T]0|2]|0
T T
9 g g —f
Vi, i, = # columns with exactly iy occurrences of 1, i, of 2 and i3 of 3

— Y0,0,0 = 1,)/‘\70,0 = 2,}/\‘ = O, .



Symmetric fand g with t = 2:

ojof1|2|0]2[3|2]1]n1
1T710(3(1]0|17(1(0}2]0
0O(0(3(2|0]0|1T]2|1|0
oOfof(2(1(0(1]2]1|2|0
3/]0(0(3[1]0]1T]0|2]|0
T T
9 g g —f
Vi, i, = # columns with exactly iy occurrences of 1, i, of 2 and i3 of 3

= ¥0,0,0 = 1,¥1,00 = 2, Y040 =0, ...

Recovering the y;, i, i,'s is enough since fand g are symmetric

ia,i3




] ———
0|0 | T 2=0=t=2=3 2 [ 1|1
 — | [—
11013 [1(0]1]1]0|2]|0
0|03 |2|0f(0|1]2|1]0
0|02 |1|0(1]2]1|2]0
3/]0(0|13(1(0]1]0|2]0

- Player 1 sends to the referee:

aj, ;,;, = # columns he sees with iy occurrences of 1, i, of 2 and is of 3

1 _ 1 1
— Qg0 =2,0100="1,0317=1,...



0O(O0|1]2|02(3]2]1]1
11013 [1(0]1]1]0]2]|0
0(0[3|2|0|0|1|2]1]0
0Oj(o(2(1|o0|1|2|1}2]0
31]0(0(3|1|101[0}2]0

- Player 1 sends to the referee:

a?%,zﬂ,é = # columns he sees with i; occurrences of 1, i, of 2 and i3 of 3

1 _ 1 1
— Qg0 =2,0100="1,0317=1,...

- Players 2 to 5 do the same



Proof sketch

The referee computes:
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The referee computes:
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b’1~,'27’3 = Gipig,iy T+ Qi

It verifies:
ylw2713 2 0
Zyi‘hlva =n




The referee computes:

1 5
b’1~,'27’3 = Gipig,iy T+ Qi

It verifies:

Yirinis = 0

> Vit iy =N

(R = (i + 2+ 13))in iy s + (11 4+ )i

+(IZ + 1)\/ ) ) + (l3 + ‘])y: o ,i = bf‘\JZ:"E




The referee computes:

Bivsipis = Al iy + o+ + iy
It verifies:
Yirinis = 0
> Vit iy =N
(R = (i + 2+ 13))in iy s + (11 4+ )i
+(i2 + 0, 41,5 + U3 + )i i o1 = biyin i
Theorem

If kR > 57 logn then it admits exactly one integral solution.

— the referee recovers the y;, ;, ,’'s and computes the output

2,03



Decision tree complexity and log-rank
conjecture



Log-rank conjecture

F:{0,1}" x {0,1}" — {0,1}

Proposition ([MS82])
Let Mr € {0,1}"*" be the communication matrix: Mg(x,y) = F(X, y).

logrank Mg < D,(F)



Log-rank conjecture

F:{0,1}" x {0,1}" — {0,1}

Proposition ([MS82])
Let Mr € {0,1}"*" be the communication matrix: Mg(x,y) = F(X, y).

logrank Mg < D,(F)

Conjecture
For some absolute constant c:

logrank Mg < Dy(F) < log" rank M;



XOR and AND functions

- Afunction F: {0,1}" x {0,1}" — {0,1} is an XOR function if:
Fix,y) =flxey)
for some f: {0,1}" — {0,1}
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XOR and AND functions

- Afunction F: {0,1}" x {0,1}" — {0,1} is an XOR function if:

Fx,y) =fx@y)

- Afunction F: {0,1}" x {0,1}" — {0,1} is an AND function if:

F(x,y) = f(x \y)

Examples: EQUALITY(X,y) = NOR(x & y), HAMMING4(X,y) = GAP4(X & y),
DISJOINTNESS(X,y) = NOR(x A y), INNERPRODUCT(X, y) = MOD,(x A y), etc.

Interests:

- For XOR functions: rankMs = monf [BC99]
- For AND functions: rank Mg = mon* f [BAW01]
- Connections with Decision Tree complexity



Decision tree complexity

A decision tree is an ordered tree where each internal node is labeled with a
query, and each leaf is labeled with 0 or 1.



Decision tree complexity

A decision tree is an ordered tree where each internal node is labeled with a
query, and each leaf is labeled with 0 or 1.
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X2 X\1
X1 X

o
\\,
—

Input: x1x2x3 = 011 on a regular decision tree

DT(f), RDT(f) and QDT(f)



Decision tree complexity

A decision tree is an ordered tree where each internal node is labeled with a
query, and each leaf is labeled with 0 or 1.

X1 @ X2 D X3

7 X1 D X2
X2 D X3 X2
A

0 1 0 1

—

Input: x1x2x3 = 011 on a parity decision tree

DT®(f), RDT®(f) and QDT®(f)



Decision tree complexity

A decision tree is an ordered tree where each internal node is labeled with a
query, and each leaf is labeled with 0 or 1.

X2 N\ X3

X1\ X3 X\1
X2 ]

Input: x1x2x3 = 011 on a conjunctive decision tree

DT (f), RDT(f) and QDT"(f)



Connections

Proposition ([2510])
For any XOR function F(x,y) = f(x ® y):

D(F) < 2-DTE(f)

For any AND function F(x,y) = f(X A y):

D2(F) < 2-DT(f)
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Connections

Proposition ([2510])
For any XOR function F(x,y) = f(x ® y):

Dy(F) < 2 DT¥(f)

For any AND function F(x,y) = f(X A y):

Dy(F) < 2-DTA(f)

Conjecture

- Communication and Decision Tree complexities are polynomially related
- Log-rank conjecture for decision trees:

- XOR function: log mon(f) < D,(F) < 2-DT¥(f) < log® mon(f)
- AND function: logmon*(f) < D,(F) < 2- DT (f) < log® mon*(f)



Symmetric XOR and AND functions

Communication complexity’ of (nontrivial) XOR and AND functions, for
symmetric f:

XOR functions AND functions
Determinisie | () o ((n—tn) (1+log 2
Randomized o) | e ((n—tn) (1+og+25))
Quanturm o (1) o (V& + ()

(2509, BAWO1, Raz03]



Symmetric functions

Decision tree complexities? of (nontrivial) symmetric functions:

Regular Parity Conjunctive
Deterministic o (n) o (n) e( n—t(f) ( ))
Randomized e (n) O (r(f)) @‘( (n —t(f (”*Oé fu)\)
Quanum | o (V@) [ o) | o (VAL +u0)

2[7509, BAW01, Raz03, BBC*01]



Symmetric functions

Decision tree complexities? of (nontrivial) symmetric functions:

Regular Parity Conjunctive
Deemiste | G o) | o((n-tn) (1+lg2g))
Randomized o (n) o(r(f) | e ((n —t(f) (1 + log ﬁ))
quantum | © (va-@) | o) | (V&) +a()

Result: Communication and Decision Tree complexities are polynomially

related for symmetric functions.

2[7509, BAW01, Raz03, BBC*01]



Conclusion
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- first efficient simultaneous protocol for SYm o Sym;

- full characterization of the decision tree complexities of symmetric
functions

- efficient construction for Ramsey numbers over Fy



Our contributions:

- first efficient simultaneous protocol for SYm o Sym;

- full characterization of the decision tree complexities of symmetric
functions

- efficient construction for Ramsey numbers over Fy

Future work:

- other protocols for larger families of composed functions
- breaking the log n barrier

- log-rank conjecture for XOR and AND functions (using decision tree
complexity?)
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EQuALITY function

EQUALITY(X1, ..., Xg) =1 X3 = -+ - = Xp
D2(EQUALITY) = Q(n)
- log-rank method
Rl (EquaLiTy) = 0 (1)
- Alice and Bob test x-r =y -r mod 2 for two random r € {0,1}"
DL'(EQUAUTY) =0 (1) whenk>?2

- Player 1 checks x; = - - - = Xy

- Player 2 checks x; = X3 = --- = X,

26



ACC® and Sym™

Sym' (s, k) = depth-2 circuits whose top gate is a symmetric gate of fan-in s,
and each bottom gate is an AND gate of fan-in k

SYM

- ACC® C SYM*(2POMe nolylog n) [Yao90, BT94]

- fis computed by a SYM*(s, k — 1) circuit = for any partition of the input
between k players, there is a protocol of cost O (klogs) computing f

27



Symmetric XOR and AND functions

F(x,y) = f(x®y) is symmetric iff f is symmetric
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Symmetric XOR and AND functions

F(x,y) = f(x®y) is symmetric iff f is symmetric

— f(x) depends only on |x|. Hence f: {0,..., n} — {0,1}
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Symmetric XOR and AND functions

F(x,y) = f(x®y) is symmetric iff f is symmetric

— f(x) depends only on |x|. Hence f: {0,..., n} — {0,1}

~t(f) =min{p:flp—1)#fp)}

“lo(f) = min{p < n/2: f(i) = f(n/2) for i € [p,n/2]}
4(f) = min{p < n/2:f(i) = f(n/2) fori € [n/2,n — p]}
Uf) =min{p:f(i) =f(i+1)forielp,n—p—1]}
-r(f) =min{p:fiy=f(i+2)forie[p,n—p-2]}

28
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EVALg

For any Abelian group G and xq,...,x; € G:

EVALG(X1,..., X)) =1 X1+ -+ X, =0

29



EVALG

For any Abelian group G and xq,...,x; € G:

EVALG(X1,..., X)) =1 X1+ -+ X, =0

Communication complexity:
3 RL'(EVALg) = O (1) since
X+ X=0x=—(X-+X)

- Dr(EVALg) — connections to Ramsey theory

29



Ramsey numbers

k-dimensional corner in G*:

(X1, X2, oy X)), (1 A Xa, o X))y (X1 X + A oo X))y e e ey (X1, Xa, oy X+ A)
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Ramsey numbers

k-dimensional corner in G*:

(X1, X2, oy X)), (1 A Xa, o X))y (X1 X + A oo X))y e e ey (X1, Xa, oy X+ A)
Ramsey numbers:

- c£(G) = min # of colors to avoid monochromatic k-dim corner in G*

- r£(G) = size of largest subset of G* without any k-dim corner
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Ramsey numbers

k-dimensional corner in G*:

(X1, X2, oy X)), (1 A Xa, o X))y (X1 X + A oo X))y e e ey (X1, Xa, oy X+ A)

Ramsey numbers:

- c£(G) = min # of colors to avoid monochromatic k-dim corner in G*

- r£(G) = size of largest subset of G* without any k-dim corner

Chandra, Furst and Lipton [CFL83]:

log(c£ (G)) < Dipr(EVALs) < R+ log(ck (G))

30



Connections

Chandra, Furst and Lipton [CFL83]:

log(c£ (G)) < Diyr(EVaLs) < R+ log(ck (G))

31



Ramsey numbers and EVALg,

Motivations for G = I:

- the proofs are easier and cleaner
- they can be adapted to any other group [Gre05]
* EVALpy € SYM o SYmp
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Ramsey numbers and EVALg,

Motivations for G = F]:

- the proofs are easier and cleaner
- they can be adapted to any other group [Gre05]
* EVALpy € SYM o SYmp

Prior work:
* D3(EvALpy) = w(1) [LMO7]
- CE(F) <O (2”/2”’%”1) [ACFN15]
- an explicit large corner free set over Fj [ACFN15]
- c£(FD) < 20(Pog M) pO(Plogn) when k > 1+ plog(3n) [CS14]
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Ramsey numbers and EVALg,

Motivations for G = F]:

- the proofs are easier and cleaner
- they can be adapted to any other group [Gre05]
* EVALpy € SYM o SYmp

Prior work:
* D3(EvALgy) = w(1) [LMO7]
- CAFD) <O (2”/23 k“) [ACFN15]

- an explicit large corner free set over Fj [ACFN15]
- c£(FD) < 20(Pog M) pO(Plogn) when k > 1+ plog(3n) [CS14]

Our result:

- the first explicit large corner-free set over Iy, of size W
P

32



Our contribution: the first explicit large corner-free set in [y

838



Our contribution: the first explicit large corner-free set in [y

Definitions:

- M € (Fp)* is seen as a k x n matrix over F,
- d(c, ¢;) = Hamming distance between columns ¢ and ¢;

- N (M) = number of columns at distance i to c in M

838



Our contribution: the first explicit large corner-free set in [y

Definitions:

- M € (Fp)* is seen as a k x n matrix over F,
- d(c, ¢;) = Hamming distance between columns ¢ and ¢;

- N (M) = number of columns at distance i to c in M

For any c € F%, N, = 0 and No, ..., Ni,_y > 0 such that 3F  N; = n:
St ={M e (Fp)*: Vi € {0,..., R}, ni (M) = N;}

is a corner-free set.
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Our contribution: the first explicit large corner-free set in [y

Definitions:

- M € (Fp)* is seen as a k x n matrix over F,
- d(c, ¢;) = Hamming distance between columns ¢ and ¢;

- N (M) = number of columns at distance i to c in M

For any c € F%, N, = 0 and No, ..., Ni,_y > 0 such that 3F  N; = n:
St ={M e (Fp)*: Vi € {0,..., R}, ni (M) = N;}

is a corner-free set.

IFkE= [%1 and N; = {(7)([)9;;)'@ then |sf| > -2~

tog(w ﬁ = R gk
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The logn barrier and composed
functions




Composed functions

Given f: {0,1}" — {0,1} and §> = (g1, ...,gn) where g; : {0,1}* — {0,1}:

f«;, 7@'(X1,. .. ,X;?) :f( . '7gf(X17i7‘ 00 ,th,'), o0 )

n
Player 1 (xq) X110 | X2 | X13 X1,n
Player 2 (x,) X2,1 | X2,2 | X2,3 Xa.n
| | | |
| | | | k
| | | |
| | | |
Lo 1
Player k (x;) Xpa | Xkj2 | Xk,3 Xk,n
A !
91 G2 G g — f

34



Composed functions

Definitions:

“fogifgi=---=gn
- Symmetric = invariant under any permutation of the input

— —
- ANY o ANY, ANY o ANY, SYM o ANY, SYM o SYM...
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Composed functions

Definitions:

“fegifgi=---=gn
- Symmetric = invariant under any permutation of the input

—
- ANY o ANY, ANY o ANY, SYM o m SYM o SYM...
Motivations:

- very simple structure

- most of the important functions: GIP = MOD; o AND &€ SYM o SYM,
MAJ o MAJ € SYM o SYm, DISJ = NOR o AND € SYM o SYM

- major open problems still unknown for composed functions
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Prior work

Conjecture ([BKL95]): MAJ o MAJ breaks the logn barrier
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Prior work

Conjecture ([BKL95]): MAJ o MAJ breaks the logn barrier

When k = Q(log n):
- Du(fog) =0 (logz n) for fog € SYM o AND [Gro94]
: DL‘ (fog)=0 (log3 n) for fog € Sym o Comp [BGKLO4]

- Dl(fog)=0 (log3 n) for fo g € Sym o ANY [ACFN15]
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Prior work

Conjecture ([BKL95]): MAJ o MAJ breaks the logn barrier

When k = Q(log n):
- Du(fog) =0 (logz n) for fog € SYM o AND [Gro94]
: DL‘ (fog)=0 (log3 n) for fog € Sym o Comp [BGKLO4]

- Dl(fog)=0 (log3 n) for fo g € Sym o ANY [ACFN15]

— none of the functions in Svm o ANY can break the logn barrier

36



Composed functions of block-width t

Player 1 (x1)
Player 2 (x,)

Player k (x)

t-n
X1, X1,t X1,tn
X2,1 X2t X2,tn
| | | |
| | | | l?
| | | |
| | | |
| | | |
| | | |
Xk,1 Xp,t Xk, tn
g1 gn — f

37



Composed functions of block-width t

t-n

Player 1 (x1) X1,1 X1t Xa,tn
Player 2 (x,) X2,1 Xt X2, tn

| | | |

| | | | l?

| | | |

| | | |

| S |
Player k (x) Xk 1 Xkt Xk,tn

g1 gn — f

- MAJ; : {0,1}*" = {0,1}

- Conjecture : MAJ o MAJ , breaks the barrier

37



Composed functions of block-width t

Player 1 (xq)
Player 2 (x»)

Player k (x;)

t-n
X1,1 X1t X1,tn
X21 X2t X2,tn
| | | |
| | | | I?
| | | |
| | | |
| | | |
| | | |
Xk, ‘ ‘ Xk t Xk,tn
g1 gn —J

{Oa 1}t ~ H;Z‘

38



Composed functions of block-width t

Player 1 (xq)
Player 2 (x)

Player k (x;)

n

X1,1

X1,2

X1,3

X2,1

X2,2

X2,3

!

g1

Xp1 | Xk,2 | Xk,3

X1,n

X2,n

Xk,n

!

92

!

g3
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Composed functions of block-width t

n
Player 1 (x;) X110 | X2 | X1,3 X1
Player 2 (x;) X211 | X2,2 | X2.3 X2,n
| | | |
| | | | I?
I I I . |
| | | |
| | | |
| | | |
Player k (x;) X1 | Xe2 | Xe,3 Xp,n
[ !
g1 G2 G3 gn — f
T,

Given f: {0,1}" — {0,1} and §> = (g1,...,9n) Where g; : I — {0,1}:
]CO 6'(X1, - ,X;?) = f( . .,g,'(XL,, 000 ,th,'), 00 )
— ANY o ANY,, ANY 0 ANYp, SYM o ANY,, . ..

38



Prior work

Conjecture: MAJ o MAJ /g breaks the logn barrier
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Prior work

Conjecture: MAJ o MA.J\ . breaks the logn barrier

When k = Q(polylogn):
-Dl(fe ) =0 (log3 n) for fo g € SYM o ANY, [ACFN15]

- Dp(fo g) = O (polylogn) for fo g € SYM o ANY, and p < polylog n [CS14]
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Prior work

Conjecture: MAJ o MA.JV - breaks the logn barrier

When k = Q(polylogn):
-Dl(fe ) =0 (log3 n) for fo g € SYM o ANY, [ACFN15]

+ Dr(fo g) = O (polylogn) for fo g € Sym o ANY, and p < polylogn [CS14]

New results for constant p:

D, (fog) = O (polylogn) for fo g € Symo Sym, (k = polylogn)
D, (fog) = O (polylogn) for fo g € Symo Comp, (R > polylogn)

- MAJ o MAJ: cannot break the barrier for constant t

39



Symmetric f and g over Fs:

0OjO0|1]|2|02(3][2]1]1
11013 [1(0]1|1]0]|2]|0
0(0[3|2|0|0|1|2]1]0
0Ojof(2(1|o0o|12(1}2]0
31]0(0(3|1|01|0}2]0
T T

9 g g —f

y;; = # columns with i one’s and j two’s

40



Symmetric f and g over Fs:

ojof1]2fof2|3]|2]1]*1
1lof3f1|o|1]1]0o]2]o0
ojo|3]2]ofof1|2]1]0
ojof2]1]of1|2)1]2]0
3lofo|3]1|of1|o]2]o0
T T
9 g g —f

y;; = # columns with i one’s and j two’s
— Yo,0 =1

40



Symmetric f and g over Fs:

olo|1]2]o0f2]3|2]1]1
110(3[1|of1]|1]0]2]0
olo|3]2]o0fo]1]|2]1]0
ojo|2]1]of1]2|1]2]0
3/o0lof3|1|o]1|0]2]0
T B
9 g g —f

y;; = # columns with i one’s and j two's
—Yo0="T,Y10=2

40



Symmetric f and g over Fs:

ojof1]|2]of2]3]2|1]*1
1lof3]|1]ol1]1]0o]|2]o0
ojo|3]2]ofof1|2]1]0
ojof2]1]of1|2)1]2]0
3lofo|3|1|o|1]of2]0
T T
g g g —f

y;; = # columns with i one’s and j two’s
= Yo,0 =T1Y10=2,)11 =1

40



Symmetric f and g over Fs:

0OjO0|1]|2|02(3][2]1]1
11013 [1(0]1|1]0]|2]|0
0(0[3|2|0|0|1|2]1]0
0Ojof(2(1|o0o|12(1}2]0
31]0(0(3|1|01|0}2]0
T T

9 g g —f

y;; = # columns with i one’s and j two’s
— Yo,0 = 1,)/1,0 = 2,)/1,1 = 1, 500

Recovering the y;'s is enough since f and g are symmetric

40



] ———
0|0 | T 2=0=t=2=3 2 [ 1|1
 — | [—
11013 [1(0]1]1]0|2]|0
0|03 |2|0f(0|1]2|1]0
0|02 |1|0(1]2]1|2]0
3/]0(0|13(1(0]1]0|2]0

- Player 1 sends to the referee:
al; = # columns she sees with i one’s and j two’s

1 1 1
— ao’o = 2,01’0 :1701’1 :37

41



0O(O0|1]2|02(3]2]1]1
11013 [1(0]1]1]0]2]|0
0(0[3|2|0|0|1|2]1]0
0Oj(o(2(1|o0|1|2|1}2]0
31]0(0(3|1|101[0}2]0

- Player 1 sends to the referee:
al; = # columns she sees with i one’s and j two’s

1 1 1
— ao’o = 2701’0 :1701’1 :37

- Players 2 to 5 do the same

41



Proof sketch

0(O0 12|02 (3 [2]1]1
11013 (1(0]1]1]0|2]|0
0|03 |2|0f0|1]2|1]0
0|02 |11|0(1]2]1(2]0
3/]0(0|13(1(0]1]0|2]0

The referee computes:
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Proof sketch

0(O0 12|02 (3 [2]1]1
11013 (1(0]1]1]0|2]|0
0|03 |2|0f0|1]2|1]0
0|02 |11|0(1]2]1(2]0
3/]0(0|13(1(0]1]0|2]0

The referee computes:

Note that:

. bO,O -

42



Ojofj1r{2|012(2(2]|1]1
110101701 |1]0|2]|0
ojofj1r{2|o0jo0f1f2}(1]0
ojofj2|1r|o|12(1(21]0
2100 1|1|1011|0}2]0

The referee computes:

Note that:

* bo,o = 5Y0,0

42



Oj(o|1|{2|102(2]|2]|1]|1
Tj]o0jo0f1fof1r{1(0f(2|0
0O(o(1{2|1010(1}2|1]0
0j(o(2{1|y0|112|1]2]|0
210(0f(1Tf1{0|1|0|2]0

The referee computes:

Note that:

- bo,o = 5Y0,0 + Vi

42



Proof sketch

0(O0 12|02 (3 [2]1]1
11013 (1(0]1]1]0|2]|0
0|03 |2|0f0|1]2|1]0
0|02 |11|0(1]2]1(2]0
3/]0(0|13(1(0]1]0|2]0

The referee computes:

Note that:

- bo,o = 5Y0,0 + V1,0 + Vo1

42



Oj(o|1|{2|102(2]|2]|1]|1
Tj]o0jo0f1fof1r{1(0f(2|0
0O(o(1{2|1010(1}2|1]0
0j(o(2{1|y0|112|1]2]|0
210(0f(1Tf1{0|1|0|2]0

The referee computes:

Note that:

- bo,o = 5Y0,0 + Y1,0 + Yo,1
o =4y

42



0Ojo (12|02 (2(2]|1]1
11010101 |1]0|2]|0
ojo(1{2|o0jo0f1f2}11]0
0ojoj(2{1jo|12(1(21]0
210(0f(1|1|J01|0|2]0

The referee computes:

Note that:

- bo,o = 5Y0,0 + Y1,0 + Yo,1
. b1,o =4y10+ V1,

42



0(O0 12|02 (3 [2]1]1
11013 (1(0]1]1]0|2]|0
0|03 |2|0f0|1]2|1]0
0|02 |11|0(1]2]1(2]0
3/]0(0|13(1(0]1]0|2]0

The referee computes:

Note that:

- bo,o = 5Y0,0 + Y1,0 + Yo,1
. b1,o =410+ V1,1 + 200

42



0(O0 12|02 (3 [2]1]1
11013 (1(0]1]1]0|2]|0
0|03 |2|0f0|1]2|1]0
0|02 |11|0(1]2]1(2]0
3/]0(0|13(1(0]1]0|2]0

The referee computes:

Note that:

- bo,o = 5Y0,0 + Y1,0 + Yo,1

-« bro=4y10 + V1,1 + 20

bij=(kR—=0+)))ij+ (i +1)isj+ (+ Vi

42



Let (bi,....i, Jo<ir+---+iy<k— De integers. Consider the system of equations:
(R= (i +ip) Wi, + ;(’i A+ DYt ieseip = Din,ip
}:
0<ih+-+ip<k—1

Assume further that

Yirdy 20, 0< i+ +ip <k and >y,

i+ +ip <R

43



Let (bi,....i, Jo<ir+---+iy<k— De integers. Consider the system of equations:

0<ih+-+ip<k—1

Assume further that

Viroip 20, 0 <ii+ - +ip <R and Z Yir,ip S0
i+ +ip <R

Theorem
If k > 1+ 5"logn then it admits at most one integral solution.
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Let (bi,....i, Jo<ir+---+iy<k— De integers. Consider the system of equations:

0<ih+-+ip<k—1

Assume further that

Yirdy 20, 0< i+ +ip <k and >y,

i+ +ip <R

Theorem
If k > 1+ 5"logn then it admits at most one integral solution.

— the referee recovers the y;;'s and computes the output

43



Conclusion:

- [BGKLO4] proved the uniqueness for p =2
- we generalized to any p

+ sending all the af; has cost O (k(k + p) logn) — not efficient is
k = w(polylogn) (compressibility)

44



Conclusion:

- [BGKLO4] proved the uniqueness for p =2
- we generalized to any p

+ sending all the af; has cost O (k(k + p) logn) — not efficient is
k = w(polylogn) (compressibility)

Future work:

- remove the compressibility condition
- handle larger p

44
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