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Mobile. Calder, 1932.



Introduction

A mobile M is a full binary tree in which each leaf has a (positive) weight.
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Introduction

The local imbalance 0 of a node is the difference (in absolute value) be-
tween the weights W, and Wk of the left and right subtrees of the node.




Introduction

The imbalance Ay of M is the sum of all the local imbalances.

Ay=13+2+9+2=126



Introduction

The BaLANCED MOBILES problem consists in constructing, for a given
set of weights {wy,...,w,}, a mobile of imbalance as small as possible.
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The Smallest algorithm



The Smallest algorithm (~ Huffman coding)

Input: weights vy < --- < w,

Output: imbalance SMALLEST(wy, ..., w,)
if n =2 then

Return |wa — wy|

else
| Return |w, — wi| + SMALLEST(SORT (w1 + wo, wa, ..., wp))
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Non-optimality of Smallest
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Optimal cases for Smallest

Theorem
The SMALLEST algorithm is optimal in the following cases:

e when the smallest possible imbalance is 0 or 1
e when all the weights are equal

e when all the weights are powers of two

It runs in O(nlog n) time.



The R-Smallest algorithm

Given two mobiles of weights A and B, if w; < A < B then this rotation
does not increase the imbalance:



The R-Smallest algorithm

Given two mobiles of weights A and B, if w; < A < B then this rotation
does not increase the imbalance:

Lemma
For any weights wy < --- < w,, there exists an optimal mobile in which
the sibling of the leaf of weight wy is also a leaf.



The R-Smallest algorithm

Given wy < --- < w, and a threshold 0, try for all / to find a mobile of
imbalance < 0 — |wy — w;| on {wy + wj, wa, ..., Wi_1, Wit1,..., Wy}



The R-Smallest algorithm

Given wy < --- < w, and a threshold 0, try for all / to find a mobile of

imbalance < 0 — |wy — w;| on {wy + wj, wa, ..., Wi_1, Wit1,..., Wy}
Theorem
For any weights wy, ..., w,, the R-SMALLEST algorithm finds the

optimal imbalance A in time O (log(n)a™n(A:m+1),



All-Equal Weights




JAVEI

optimal imbalance for the weights wy = - - -

:Wn:]_
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A, . optimal imbalance for the weights wy = --- =w, =1

— the SMALLEST algorithm is optimal in this case

— a PARTITION algorithm (inspired from 2-PARTITION) is also optimal
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Partition algorithm
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Partition algorithm
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Partition algorithm
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Partition algorithm

11



First recurrence relation for A,

The optimal imbalance A, verifies:

A; =0
Ayp =24,
A2n+1 =1+A4A,+ AnJrl
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Smallest algorithm

1

A mobile over 9 weights, built with SMALLEST.
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Smallest algorithm
141
1+1 - %\

A mobile over 10 weights, built with SMALLEST.
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Smallest algorithm
141
1+1 - %\

Increase of 001, — |001],
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Smallest algorithm

Increase of 001, — |001|, = |1001|, — (|1001|, — 1)
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Smallest algorithm

Increase of |001], — [001], = |2° + 1|, — (]2* + 1|, — 1)
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Smallest algorithm

Increase of |001], — [001], = |2° + 1|, — (]2* + 1|, — 1)

Si0 = So + 9]y — [9]; +1

13



Second recurrence relation for A,

The imbalance S, obtained by SMALLEST verifies:

S1=0
Spr1 = Sp+ |nlg—|n|; +1
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Second recurrence relation for A,

The imbalance S, obtained by SMALLEST verifies:

5=0
Spr1 = Sp+ |nlg—|n|; +1

Proposition
USing VTS 2An7 A2n+1 =1+A,+ An+1 we prove Sh = A,.
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The A, function

A =
Al 02A and {A1_0
2n — n

A =A,+|nl,—|nl; +1
A2n+1:1+An+An+1 n+1 n ‘|0 |‘1
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The A, function

A =0
! A; =0
Doy =20, and Aot = Ao [l — [l 4+ 1
A2n+1:1+An+An+l n+1 — n 0 1

If byby 1 ... by is the binary representation of n :

k=1 ,
A, =2-(n mod 2)+ S (~1)% - (n mod 2/*1)
i=0

15



The A, function

A =0
! A; =0
Do, = 20, and Aot = Ao [l — [l 4+ 1
A2n+1:1+An+An+l n+1 — n 0 1

If byby 1 ... by is the binary representation of n :

-1

k .
A, =2-(n mod 2)+ S (~1)% - (n mod 2/*1)

i=0
A,
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Integer Linear Programming




w1

w2

w3

Wy

W5
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1 2 8 4
1 wy | f11= b2 = l13=11] t14=0
/ \ rn1=01| n2=0| n3=0| ns=0
2 wy | o1 =1 | bop=1|t€r3=0 | £4=0
/ \ Ws rn1=0| n2=0| n3=1| ns=0
w3 | €31 =1 | £32= 033 = l3.4 =
3 & r1=0 | rn2=1| rn3=0| rns=0
/ \ / \ Wa | Ga1=1| ta2=0 | la3=0 | las=0
rp1=0 | np=1| n3=0| ns=1
w1 wo w3 Wy ws | 451 =0 | bs2=0 | €53=0 | l54=0
rs1=1 rs2 =0 rs3 =0 rs4 =0
Define:
e /;,=1if w;is in the left subtree of the node u, 0 otherwise

e r;, = 1if w; is in the right subtree of the node u, 0 otherwise

16



N

/\

ANA

The imbalance is:

Wy

n—1
u=1

1 2 3 4
w1 121,1 =1 5172 = il 41,3 =1 8174 =0
rn1=01| n2=0| n3=0| ns=0
wy | lo1 =1 | lpo=1 | lr3=0 | l4=0
rn1=0 rn2=0 n3=1 rn4=0
wy | L31=1 | l3o= l33 = l34 =
rB1= 0 3o = 1 r33 = 0 r3a4 = 0
Wy 64’1 =1 £472 =0 44,3 =0 8474 =0
rp1=0 | np=1| n3=0| ns=1
ws | ls1 =0 | ls2=0 | €53=0 | £54=0
rs1=1 rs2 =0 rs3 =0 rs4 =0

n

Z WI(EI u ri,u)

i=1
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N

3/ \4
TNV

W5

1 2 3 4

wi fip=1 l13=1 ]| £14=0
nz2=0] n3=0] ns=0

%) l1=1 bop=1 | l3=0 | £24=0
rn1=0 | n2=0| n3=1| ns=0

w3 | l31=1 | l3p=0 | £33=0| l34=1
rR1=0 | np=1|r3=0| rns=0

wy | la1=1 | l42=0 | l43=0 | l34=0
rg1 =0 rg2 =1 rg3 =0 rgq =1

ws | l51=0 | l5p=0 | l53=0 | l54=0
51 = 1 52 = 0 53 = 0 5,4 = 0

The weight w; cannot be simultaneously in the left and right subtrees of

the node wv.

Via uagi,u'i_ liu < 1
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If the weight w; is the right (resp. left) child of the node wu, then none of

the other leaves can be in the right (resp. left) subtree of the node u.

(1 - e,',,_,) + Zv>u(€"’v + ri’V) =z ej,u

Vi # j,Vu,
7 J (1= riw) + 3 u(liv +1iv) > 10

16



Mini

Vi, u, gi,u + riu < 1
Vilii+rii1=1

n—1

mize E

u=1

n
w;i (i oy — Fiu)
=1

subject to:

Vu, ;4iuw>0and > 1, >0

(1

V,’¢j7Vu,{ (1-

Vi;éj,Vu<v,{

Vi # j,Vu < u’,{

- éi,u) + Zv>u(€i,v + ri,v) Z Zj,u

fiw) T2 ysuliyv +riv) > 1y

gi,u + (éi,v + liv + gj,v + rj,v) S 2+ Ej,u

fiu+ iy + fiv + 4y +10) <2+ 1,

2= Ehu - €j7u + Z:lv:u+1(€i,w + ri,w) Z i u + i u
2= Fiju — lu + ZUW:LH,l(Ei,W + ri,w) Z gj,u’ + éj,u’

17



The Evaluation Trees problem




Abelian Evaluation Trees

Problem

Given n elements xi,..., x, of a set X’ equipped with an associative
operator o : X x X — X and a cost function c: X x X — R™, find the

optimal evaluation tree to compute x; 0 Xp 0 ... 0 Xp,.

18



Abelian Evaluation Trees

Problem

Given n elements xi,..., x, of a set X’ equipped with an associative
operator o : X x X — X and a cost function c: X x X — R™, find the

optimal evaluation tree to compute x; 0 Xp 0 ... 0 Xp,.
o
RN
(o) o
ANVA
X1 X2 X3 Xa
((x10x2) 0 (x3 0 xa))
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Abelian Evaluation Trees

Problem

Given n elements xi,..., x, of a set X’ equipped with an associative
operator o : X x X — X and a cost function c: X x X — R™, find the

optimal evaluation tree to compute x; 0 Xp 0 ... 0 Xp,.

N
/ \ X4

X1 o

N

((X1 [©) (X2 [©) X3)) (@) X4)
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Abelian Evaluation Trees

Problem

Given n elements xi,..., x, of a set X’ equipped with an associative
operator o : X x X — X and a cost function c: X x X — R™, find the

optimal evaluation tree to compute x; 0 Xp 0 ... 0 Xp,.

c(x1 0 X2 O X3,X4)

c(x1, x2 0 x3) \)(4
e \

X]. G Xz X3

/N

c(x1 0 x2 0 x3,X1) + ¢c(x1, X2 © x3) + (X2, X3)

18



Ordered Balanced Mobiles

Given a sequence of weights (w1, ..., w,), find a mobile of imbalance as
small as possible with these weights in the same order from left to right.

An optimal mobile for the sequence (4,8,3,5,7).

19



Ordered Balanced Mobiles

Given a sequence of weights (w1, ..., w,), find a mobile of imbalance as
small as possible with these weights in the same order from left to right.

This is a NON-ABELIAN EVALUATION TREES problem with:
o x,-:w,-andX:N
o c(x,y) =|x—yl
® Xoy=Xx+y

19



Matrix Chain Multiplication

Given a sequence of matrices (My, ..., M,) where dim(M;) = (n;_1, n;),
find the optimal way to compute the product My x --- x M,,.

20



Matrix Chain Multiplication

Given a sequence of matrices (My, ..., M,) where dim(M;) = (n;_1, n;),
find the optimal way to compute the product My x --- x M,,.
This is a NON-ABELIAN EVALUATION TREES problem with:

o x,-:(n,-,l,n,-) and X =N x N
e c(x,y) =nxmx k where x = (n,m) and y = (m, k)

e xoy = (n, k) where x = (n,m) and y = (m, k)
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Matrix Chain Multiplication

Given a sequence of matrices (My, ..., M,) where dim(M;) = (n;_1, n;),
find the optimal way to compute the product My x --- x M,,.

This is a NON-ABELIAN EVALUATION TREES problem with:

o x,-:(n,-,l,n,-) and X =N x N
e c(x,y) =nxmx k where x = (n,m) and y = (m, k)

e xoy = (n, k) where x = (n,m) and y = (m, k)

Dynamic programming in O(n3):
N 0 ifi=j
Ul =9 min {Cli, K+ Clk+ 1]+ clxio 0o xwn 0 -0x),} i i <
ISk<j

20



Abelian Evaluation Trees

Problem

Given n elements xi,..., x, of a set X equipped with an associative and
commutative operator o : X x X — X and a cost function c: X x X
— R™, find the optimal evaluation tree to compute x; 0 Xp 0 ... 0 X,.

VN
SN

X3 )

I\

((x3 0 (a1 0 xa)) 0 x2)

21



Balanced Mobiles

Given a set of weights {wy, ..., w,}, find a mobile of imbalance as small
as possible with these weights.

This is an ABELIAN EVALUATION TREES problem with:

e x;,=w; and X =N
o c(x,y) = [x—y|
e Xoy=x+Yy

22



Huffman Coding

Given an alphabet {aj,...,a,} and the number of occurencies w; of each
aj, find a prefix-free binary code (cy,. .., c,) that minimizes Y. w; - |¢;|.

23



Huffman Coding

Given an alphabet {aj,...,a,} and the number of occurencies w; of each
aj, find a prefix-free binary code (cy,. .., c,) that minimizes Y. w; - |¢;|.
w2
w3
Wi Wy

3wy 4+ wo + 2wz + 3wy

23



Huffman Coding

Given an alphabet {aj,...,a,} and the number of occurencies w; of each
aj, find a prefix-free binary code (cy,. .., c,) that minimizes Y. w; - |¢;|.

wy + (wy + wz + wy)

(w1 + wa) + w3

wWo
wy + wy

w3

Wi Wy

3wy 4+ wo + 2wz + 3wy

23



Huffman Coding

Given an alphabet {ay, ..

., an} and the number of occurencies w; of each

aj, find a prefix-free binary code (cy,. .., c,) that minimizes Y. w; - |¢;|.

wa + (wi + w3 + wy)

(Wi + wa) + ws
w2

wy + wy

w3

w1

Wy

3wy 4+ wo + 2wz + 3wy

This is an ABELIAN EVALUATION TREES problem with:

e x;, = w; and X =

o c(x,y)=x+y
e XoOy=X+Yy

N

23



Generalized Huffman Coding

The coding alphabet is made of two letters of unequal lengths o and /.

24



Generalized Huffman Coding

The coding alphabet is made of two letters of unequal lengths o and /.

(2a + B)wi + 28wz + aws + (o + 28)ws
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Generalized Huffman Coding

The coding alphabet is made of two letters of unequal lengths o and /.

aws + B(wy + wa + wa)

a(wy + wy) + Bwe
w3
w2

awy + Bwy

wi

(2a + B)wi + 28wz + aws + (o + 28)ws

24



Generalized Huffman Coding

The coding alphabet is made of two letters of unequal lengths o and /.

This is an ABELIAN EVALUATION TREES problem with:
e x;,=w; and X =N

o cx,y)=ax+ By
e Xoy=Xx+Yy

24



Generalized Huffman Coding

The coding alphabet is made of two letters of unequal lengths o and /.

The case a = 8 is HUFFMAN CODING [Huf52]. This is solved in
O(nlog n) by SMALLEST.

The case wy = --- = w, is solved in poly-time [var71, GY96, CGO1].

First known algorithm for the general case is an ILP [Kar61].

Dynamic programming algorithm in (’)(nmax(o‘vﬁ)) [GR98, BGLR02].
e PTAS [cmY12]

No poly-time algorithm for the general case nor it is known to be NP-hard.

24



Dynamic programming

Using dynamic programming, compute for all S C {1,..., n} the optimal
cost C(S) for ojesx;.

€)= 1, (187, 85%) + SN+ E5\S)

It runs in 24" time and O(2") space.

25



Integer Linear Programming (Balanced Mobiles)

n—1

Minimize %

u=1

n

Z iu — i, u) - Wi SUbjeCt to:

i=1

Viv Uagi,u + liu < 1
Vilii+rii1=1
Vu, ;i >0and > 1, >0

1_€iu giv i,v Zgu
Vi # j,Vu, ( D 2l i) 26
(1 — r,-,u) e Zv>u(€i,v + ri,v) >l
//v iv gv v <2 14
Vi# j,Vu <v, il iy 6 ) G
glv+r1v+£_/v+rJV)<2+rJU
Vi#j,Yu <, — i EJU"‘ZLVIV w1 (liw + Fiw) 2 G+l
— i+ Y (G + 1) = G + G

26



Integer Linear Programming (Huffman Coding)

n—1 n

Minimize Z Z i u 3 - riu) - w; subject to:

u=1 j=1
Viou biy+riy <1
Vilii+rii1=1

Vu, ;i >0and > 1, >0

1_€iu giv i,v 2 j,u
v[-#]-’vu’ ( ’)+Zv>u( 5 +r5) g]a
(1 — ri,u) + Zv>u(€i,v al ri,v) Z liu
//v iv v v) <
Vi#j,Yu <v, *fi b F 1) S 2+ G
glv+rrv+€_/v+rjv)<2+rlu
vigiva<u,d 27w bt Dymun o + 1) 2l + 110
— G+ Sy G + i) = Lt + G

27



R-Smallest algorithm

The R-SMALLEST algorithm can be used whenever the “rotation
property” holds:

Vx<y<z, c(xy)+clxoy,z) <cly,z)+clyozx)

28



Enumeration of Trees

Enumerate all the leaf-labelled, unordered, full binary trees with n leaves.

Bijection with perfect matchings over N = 2(n—1) vertices [Che90, BDN10]

NN A

123456789 101112

There are N!! = O(n"/?) such matchings.
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Enumerate all the leaf-labelled, unordered, full binary trees with n leaves.

Bijection with perfect matchings over N = 2(n—1) vertices [Che90, BDN10]
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m -
AN

123456789 101112

There are N!! = O(n"/?) such matchings.
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Enumeration of Trees

Enumerate all the leaf-labelled, unordered, full binary trees with n leaves.

Bijection with perfect matchings over N = 2(n—1) vertices [Che90, BDN10]

12 11

m - ’
N 2

123456789 101112

There are N!! = O(n"/?) such matchings.
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Enumerate all the leaf-labelled, unordered, full binary trees with n leaves.
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Enumeration of Trees

Enumerate all the leaf-labelled, unordered, full binary trees with n leaves.

Bijection with perfect matchings over N = 2(n—1) vertices [Che90, BDN10]

RN AN
/\24

123456789 101112 X5 X1 X7
X3 X6

There are N!! = O(n"/?) such matchings.
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Algorithms for Abelian Evaluation Trees

Time Space
Dynamic Programming gat o(2")
Integer Programming* n? variables and n* constraints
R-SMALLEST* O(log(n)n™n(€:M+1) | O(nlog n)
Enumeration of Trees O(n"/?) O(nlog n)

30



Conclusion




Open questions

1. Is BALANCED MOBILES NP-hard?

2. What are the polynomial-time instances of ABELIAN EVALUATION
TREES?

3. For which instances is SMALLEST optimal?

4. Which instances admit an approximation scheme?

What if the shape of the mobile is fixed and one has just to find the
permutation of the weights that minimizes the imbalance?

31
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Powers-Of-Two Weights




Irregular mobiles

A mobile M is irregular if:

e it is an optimal mobile built on powers-of-two weights
e it cannot be built by SMALLEST

e its imbalance is /ess than the one obtained by SMALLEST on the
same weights.
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Irregular mobiles

A mobile M is irregular if:

e it is an optimal mobile built on powers-of-two weights
e it cannot be built by SMALLEST

e its imbalance is /ess than the one obtained by SMALLEST on the
same weights.

Proposition
The SMALLEST algorithm is optimal for powers-of-two weights if and
only if there is no irregular mobiles.
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A special irregular mobile

Assume by contradiction that there exist irregular mobiles.
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A special irregular mobile

Assume by contradiction that there exist irregular mobiles.

Take such a mobile M with:

e the smallest maximum weight

e the smallest number of leaves (among the irregular mobiles having
the smallest maximum weight)

M, Mg

37



A special irregular mobile

Note that:

e the maximum weight of M is at least 2
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A special irregular mobile

Note that:

e the maximum weight of M is at least 2

e M has at least one leaf of weight 1

38



A special irregular mobile

Note that:

e the maximum weight of M is at least 2
e M has at least one leaf of weight 1
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A special irregular mobile

Note that:

the maximum weight of M is at least 2

M has at least one leaf of weight 1

w.l.o.g. M; and Mg are built by SMALLEST

M, and Mg have at most one leaf of weight 1 each
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A special irregular mobile

Note that:

the maximum weight of M is at least 2

M has at least one leaf of weight 1

w.l.o.g. M; and Mg are built by SMALLEST

M, and Mg have at most one leaf of weight 1 each

A M M

First type Second type




First possible shape

Mobile M Mobile /M

PN N

2 23 27

Ay = %A/\/ﬁ + %AM— + 2371



First possible shape

Take the (non-optimal) mobile M; built by SMALLEST:

2N
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First possible shape

Take the (non-optimal) mobile M; built by SMALLEST:

2N

1 ob
o N
Mobile M Mobile M
2 2b 2/7
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First possible shape

Note that:

e M and My are also built by SMALLEST
e M™ and M~ cannot be irregular
° 2b < 2a
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Note that:

e M and My are also built by SMALLEST
e M™ and M~ cannot be irregular
° 2b < 2a

Consequently: Ap+ < Ap+ and Ay - < Apy-
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First possible shape

Note that:

e M and My are also built by SMALLEST
e M™ and M~ cannot be irregular
° 2b < 2a

Consequently: Ap+ < Ap+ and Ay - < Apy-

Thus :
1 1 b1 _ 1 1 a—1
Am, =58 + 580 + 277 < SBMe + 5B M- +2777 = Ap
It contradicts A, > Apg.
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